IFIC/04-74, 
FTUV-05-0101, 
1st January 2005 



Generalized curvature and the equations of D = 11 

supergravity 



Igor A. Bandos^*, Jose A. de Azcarraga^, Moises Picon^ 1 and Oscar VareW' 



' Departamento de Fisica Tedrica, Univ. de Valencia and IFIC (CSIC-UVEG), 

46100-Burjassot (Valencia), Spain 
* Institute for Theoretical Physics, NSC "Kharkov Institute of Physics and Technology" , 

UA61108, Kharkov, Ukraine 
1 Department of Physics and Astronomy, University of Southern California, Los Angeles, 

CA 90089-2535, USA 

2 Michigan Center for Theoretical Physics, Randall Laboratory, Department of Physics, 
University of Michigan, Ann Arbor, MI 48109-1120, USA 



Abstract 

It is known that, for zero fermionic sector, ift?ftx) = 0, the bosonic equa- 
tions of Cremmer-Julia-Scherk eleven-dimensional supergravity can be collected 
in a compact expression, 7£ a b Q 7 r b 7 ^ = 0, which is a condition on the curvature 
lZ a @ of the generalized connection w. In this letter we show that the equation 
^& ca 7 r a %/3 = 4i((PV)b c r [afec )/3 Odr d] ) a , where V is the covariant derivative for 
the generalized connection w, collects all the bosonic equations of D = 11 super- 
gravity when the gravitino is nonvanishing, ip^(x) ^ 0. 



1 Introduction 



Recently, the notion of generalized connection and generalized holonomy has been 
applied to the analysis of super symmetric solutions of D = 10, 11 dimensional su- 
pergravity E3 IU 03 El Ej . The generalized connection (see (Sj) 

Wp -—LOL/3 +hp — -Ul Lab/3 +tip (1) 

involves, in addition to the true Lorentz (or spin) connection, the Lorentz covariant 
part 

tw° = ^E^F a[3] r^ p a + ^T a[4] ^ , (2) 

constructed from the tensor F a i, C( i, the 'supersymmetric' field strength of the anti- 
symmetric tensor field A^ up (x) (see Eqs. CU)). InEq. © F a[3] F® : = 

Eabib^b^ 3 ; 

^' 4 'r a [4]/3 a = F hl "' hA ^abi...bA(3 a an d we have denoted the vielbein one-form dx^e^x) 
by E a , E a = dx^e^x). 

The generalized connection allows for a simple expression of the supersymmetric 
transformation rules for the gravitino (hence the name of 'supersymmetric' connec- 
tion frequently used). Denoting the gravitino one-form by ifi a = dx^ip^x), this 
variation is given by 

5 £ ip a = Ve a {x) := De a {x) - e^{x)t w a {x) = 

= de a (x) -s' 3 (x)wp a (x) . (3) 

It was already noticed in [S] that the gravitino equation of motion has also a com- 
pact form (see Eq. (|2fi|)) in terms of its generalized covariant (or 'super covariant') 
derivative 

■= di/] a - ^ A w/3 a = D^ a - i/f A t w a (4) 

defined for the generalized connection Then the following observation (see 

[1J[7]) holds: when the fermionic sector is set to zero, all the bosonic equations of 
the Cremmer-Julia-Scherk (CJS) eleven-dimensional supergravity can be collected 
in the simple expression 

Kp a := TZ ab ^T\ a = (5) 

or, equivalently, iblZpT 1 '-® = E a TZf )a p^T b r y a = 0, in terms of the generalized curva- 
ture 1Z (see, e.g. 0) 

iip a -.= v-V A < 

= ±R a \T ab )J + Dt la P -t la ~< Ah/ , (6) 

which takes values in the Lie algebra of the generalized holonomy (holonomy of the 
generalized connection) group IT 1 . A similarly concise equation in the case of the 
purely bosonic limit of massive type IIA supergravity was given recently in |13) . 

We present here the generalization of Eq. ©, to the case of nonzero gravitino, 
ip a ^ 0. It reads 

V a e™t% = -w^ a ^ a < 7 .. a4 rt ia2a3 r; 4 7 ] (7) 

=> n bcc ?T abc lP = Ai({V^) ic Y^ bc )p {^) a , (8) 

1 Scc 9 for further discussion on the generalized holonomy. 
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where f>ip a = l/2E a A E b (Vtp) ba a is defined in @ and 

Eq. Q (or (JHJ)) collects all the bosonic equations when the gravitino is not zero, 

Tp a ^ 0. 

Although the final result is formulated as a statement about dynamical equations 
of motion and, in this sense, refers to the second order approach to supergravity, we 
find it convenient to use the first order supergravity action of jlUMllj . Our notation 
(which is explained in the text) is close to that in and the same of |71 112j. 



2 First order action for D = 11 supergravity 

The first order action for D = 11 supergravity jlUl lllj . 

S= [ £ u [E a ,r,u ab ,A 3 ,F aia2aaai ], (10) 

is the integral over eleven-dimensional spacetime M 11 of the eleven form L\\ which 
can be written as |1U1 lllj 

£11 = \R ah A E™ - D^ a A ^ A + A^A (T a + i/2 ip Atp T a ) A E a A f <g + 
+ (cL4 3 - 04) A (*F 4 + 67) + -04 A b r - -F A A *F 4 - ~A 3 A dA 3 A cL4 3 . (11) 

Zt Zt o 

Following (see also |12j). we have introduced the notation 

a 4 :=|^A^Afg, 6 7 :=§V a A^Afg (12) 

for the bifermionic 4- and 7-forms and 

F 4 := i^A...A^F ai .., 4 , 
*F 4 := — 47 E^ mM4 F ai - aA . (13) 

for the purely bosonic forms constructed from the antisymmetric tensor zero-form 
Fabcd- We also use the compact notation 

r$ := ^ afe A...A^r a ,.. afeQ/3 (14) 
and Eq. © [to be compared with the notation of Ea^a* = S ai ... 0fc , = 

(-)* (fe - 1)/2 7$]. 

The action (|1U|> is invariant under the local supersymmetry transformations 5 S , 
which are given by 

5 £ E a = -2im^ , (15) 
5 e il) a = Ve a {x) = De a (x) -e^{x)t w a {x) , (16) 
5 £ A 3 = V Q Afg^, (17) 

plus more complicated expressions for 5 e uj ab and 8 £ Fabcd, which can be found in 
|llj and that will not be needed below. Let us stress that, as shown in the 
supersymmetry transformation rules of the physical fields are the same in the second 
and in the first order formalisms. 



3 Equations of motion 

In the first order action (|1U|) one distinguishes between the true equations of motion 
and the algebraic (or nondynamical) equations 

T a = A/r^, (18) 

dA 3 = a 4 + F 4 (19) 

(see Eqs. (|12j) . (I13j) for the notation) which follow, respectively, from the variation 
with respect to the spin connection w£ 6 and the antisymmetric tensor F^d 

6 u C n = \e^ c A (T a + 1^ A W T^) A bJ> c + d(...), 

SfCu = -^(dA 3 - 04 - Ft) A < 7 .. a4 5F a ^ a * . (20) 

Notice that Eqs. (fTH|) . (fTU|) are the counterparts of the superspace constraints 
of I? = 11 supergravity (see ^2] f° r a discussion and references), but for forms 
on eleven-dimensional spacetime. As far as the dynamical bosonic equations are 
concerned, one finds that the variation with respect to A 3 , 

5 A C U = d(*F 4 + b 7 - A 3 A dA 3 ) A SA 3 + d(. . .) (21) 

results in 

G 8 := d(*F 4 + b 7 - A 3 A dA 3 ) = , (22) 

which becomes the standard CJS three-form gauge field equations of motion once 
the algebraic equations (constraints) ()18j) . (|19[) are taken into account. The more 
complicated variation 5e with respect to the vielbein form, 5e£-u = ■ ■ as well as 
the full expression of the Einstein equations 

M Wa ■= \R bc AE^ c + ... = 0, (23) 

which follows from that variation, will not be needed here (see 

After some algebra, the fermionic variation <5</, of the Lagrangian form Cu, Eq. 
(fTT|) . reads (cf. [IT]) 

fyAl = -2V^ a A f <g A ^ + i(cL4 3 - a 4 - F 4 ) A f g Af A 5^ + 



+ 



(i f<g + l/2E a A f A (T a + ir A ^ T^) AfA ^ 



-d 



^Af^A^I , (24) 



where T>vp a is given by Eq. @. Taking into account the algebraic equations (|18[). 
(j!9j) . and ignoring the (last) total derivative term in Eq. Q24JI one finds the gravitino 
equation of [S] written, as in ^JJ, in the suggestive differential form 

* 10/3 := P^Afg = 0. (25) 
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4 Bosonic equations of D = 11 supergravity as 
a condition on the generalized curvature 

4.1 A concise form of the bosonic equations from self- 
consistency of the gravitino equations 

It is important that the above gravitino equation, p = 0, is expressed in terms 
of the covariant derivative V, Eqs. (JU , Q , (J2J) . As a result, the integrabil- 
ity/selfconsistency condition for Eq. (|25|) may be written in terms of the generalized 
curvature ©• Using VVip" = — t/V 3 A 7Zp a and t^J A T^ 8 ' a ^ = 2 which implies 

Vtf a = Dtf a = T a A i a ffl we obtain 



vv Wa = a (T a + # a vr a ) a i a r£ 



(8) 



^a ^A^Xr^ c + ^ d A^A<.. a4 r^ a2a3 r^ =0.(26) 



A8 -pafec 1 „-<n„/,(5 A „/,7 A 17^7 -p [010203 T a 4] 



The first term in the second part of Eq. vanishes due to the algebraic (con- 
straint) equation (fTH)) . Hence on the surface of constraints the selfconsistency of the 
gravitino equation is guaranteed when 

M10 ^ == ?V a E™rf a c + a ^ a < 7 .. a4 r£ ia2a3 r;; ] = . (27) 

Our main observation is that Eq. \21\j (see Eq. Q) or collects all the bosonic 
equations of motion \22\) . and the corresponding Bianchi identities for the A% 
gauge field and for the Riemann curvature tensor. Let us stress that we distin- 
guish between the algebraic equations or constraints, Eqs. (|18ft and (|19|) . from the 
true dynamical equations (f2*2*|) . (|2*3|) . and that our statement above refers to the 
dynamical equations; thus it is also true for the second order formalism. 

To show this it is not necessary to make an explicit calculation. It is sufficient 
to use the second Noether theorem and/or the fact that the purely bosonic limit 
of lf2*7|) implies Eq. © (see Sec. 4.3 below), which is equivalent to the set of all 
bosonic equations and Bianchi identities when ip a = 0. 



4.2 Proof using the Noether identities for supersymme- 
try 

In accordance with the second Noether theorem, the local supersymmetry under 
(|15|) - (fT7j) reflects (and is reflected by) the existence of an interdependence among 
the bosonic and fermionic equations of motion; such a relation is called a Noether 
identity. Furthermore, as the local supersymmetry variation of the gravitino is given 
by the covariant derivative T>e a with generalized connection, Eq. (|16j) . the gravitino 
equation should enter the corresponding Noether identity through T>*$>. Thus, T>*$> 
should be expressed in terms of the equations of motion for the bosonic fields, in our 
case including the algebraic equations for the auxiliary fields. Hence, in the light of 
(|26|) . 1)18(1 the l.h.s. of Eq. I|27|) vanishes when all the bosonic equations are taken 
into account. 

2 This follows e.g., from direct calculation of i lce 7 A = -§F 4 A f ^ + \ * F 4 A f^l. 
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Indeed, schematically, ignoring for simplicity the purely algebraic equations and 
neglecting the boundary contributions, the variation of the action (con- 
sidered now in the second order formalism) reads 



6S = j (-2*i 0a A 5ijj a + G 8 A 5A 3 + M 10a A 5E a ) . (28) 

For the local supersymmetry transformations 5 e , Eqs. p6jl. (fT5|) and (|T7|) . one finds 
integrating by parts 

<5 £ S = J(-2^ Wa AVe a + g 8 A5 £ A 3 + M Wa Ad £ E a ) = 

= -J (-2£>tf 10 a - G 8 A ^ A f g + 2iM 10a A e Q = . (29) 

As <5 e iS = is satisfied for an arbitrary fermionic function e a (x), it follows that 

W Wa = A (-2ir^M 10a + e 8 A f <g) . (30) 

In the light of Eqs. (|2*B|) and (|3l)|). and after the algebraic equations Q18|). <|19|) 
are taken into account, 

-Mio a P ■= Kp> a <x!f a c + wtf a <.. a4 rfc a2a3 r; 4 7 ] = 

= _ 3 f (-2ir^M 10a + e 8 A f f a ) . (31) 

It then follows that M.%Q a p = 0, Eq. (|2*T|) . is satisfied after the dynamical equations 
(|23|l. (|2*2*|) are used. Moreover, Eq. (|3*Tj) also shows what Lorentz-irreducible parts 
of the concise bosonic equations M\Q a p = coincide with the Einstein and with 



the 3-form gauge field equations. These are given, respectively, by 

M 10a = -_tr(T A*io) , (32) 

G s A E a A E b = ±- iT {T ah M w ) . (33) 
9o 

It is clear that all other Lorentz-irreducible parts in Eq. (|27j). M.\o a p = 0, are 



satisfied either identically or due to the Bianchi identities that are the integrability 
conditions for the algebraic equations l|18j). (|T§)) used in the derivation of l|31j). 

Thus, we have proven that Eq. ()27() collects all the dynamical bosonic equations 
of motion in the second order approach to supergravity. To see that it collects all 
the Bianchi identities as well, one may either perform a straightforward calculation 
or study the pure bosonic limit of Eq. (|27|) . The latter way is simpler and it also 
provides an alternative proof of the above statement as we now show below. 

4.3 Proof using the purely bosonic limit of the equa- 
tions 

For bosonic configurations, ip a = 0, Eq. (|27|) takes the form 

^=0, TZ^AE^ b a c = 0. (34) 
We show here that this equation is another form of Eq. (0) 7 , 

^ = , iaKfTT^ = E h n ah ^ = . (35) 
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As the above equation (|35|) collects all the bosonic equations of standard CJS su- 
pergravity as well as all the Bianchi identities in the purely bosonic limit [1J [7j , the 
equivalence of Eqs. (|33|) and will imply that Alio a/3 = 0, Eq. (J2Tj) . does the 
same for the case of nonvanishing fermions, ip a ^ 0. 

Decomposing TZ a ^ on the basis of bosonic vielbeins, TZ a ^ = l/2E a A E b 1Zb aa ^, 
one finds that Eq. (|34j) implies 

7W r 7a=0- (36) 

Contracting (JSHJ) with one finds 

n ab ^T a \ s = 0. (37) 

Then, contracting again with the Dirac matrix and using T^TjT^d + 2T^ a 5d^ 
as well as Eq. (|3fij). one recovers Eq. ©, A/" aj s a = 0, which is an equivalent form of 
Eq. (HD. 

The Bianchi identities i?[ a ^ c u = and dF^ = appear as the irreducible parts 
tr(r ciC2C3 M a ) and ir(T Cl ... C5 A/' a ) of Eq. © 7 [more precisely, in the last case the 
relevant part in M a is proportional to [<iF 4 ]& 1 ...& 5 (T a bl - b5 + W5 a [bl T b2 - br ^), but the 
two terms in the brackets are independent]. Knowing this, one may also reproduce 
the terms that include the Bianchi identities in the concise equation (equivalent 
to © or (|31j0 with a nonvanishing gravitino. 



5 Conclusion 

We have shown that all the bosonic equations of D=ll supergravity can be collected 
in a single equation, Eq. \27\ ), written in terms of the generalized curvature © 
which takes values in the algebra of the generalized holonomy group. In the first 
proof we used the shortcut provided by the second Noether theorem, which implies 
the Noether identity (|30j) for the local supersymmetry (|15ft - (|17[) relating the bosonic 
and fermionic equations. The second proof uses the purely bosonic limit ()35j) of the 
desired equation l)27J) . This is simpler since the properties of the purely bosonic Eq. 
(|35j) are known [3J |7j and may also be used to simplify the extraction of Bianchi 
identities from Eq. (|27|) . although we do not do it here. 

The concise form (|27|) of all the bosonic equations is obtained by factoring out the 
fermionic one-form ^ in the self consistency (or integr ability) conditions P^io a = 
[Eqs. (|2nj)], for the gravitino equations ^ioq = 0, Eqs. (|23|) . In this sense, one 
can say that in (the second order formalism of) D = 11 CJS supergravity all the 
equations of motion and Bianchi identities are encoded in the fermionic gravitino 
equation p := Vip a A f ® = [Eq. (l25|) ]. 

Actually this should be expected for a supergravity theory including only one 
fermionic field, the gravitino, and whose supersymmetry algebra closes on shell. 
As we have discussed, the basis for such an expectation is provided by the second 
Noether theorem. 

We hope that the explicit form (|27j) of the equation collecting all the bosonic 
equations of motion and Bianchi identities may be useful in a further understanding 
of the properties of I? = 11 supergravity and in the analysis of its supersymmet- 
ric solutions, including those with nonvanishing fermionic sector (see |14| and refs 
therein). 
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